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Abstract 

We construct an action of the braid group on the twisted quantized 
enveloping algebra Ug(ojv) where the elements of Bn act as automorphisms. 
In the classical limit q — > 1 we recover the action of B^ on the polynomial 
functions on the space of upper triangular matrices with ones on the diagonal. 
The action preserves the Poisson bracket on the space of polynomials which 
was introduced by Nelson and Regge in their study of quantum gravity and re- 
discovered in the mathematical literature. Furthermore, we construct a Poisson 
bracket on the space of polynomials associated with another twisted quantized 
enveloping algebra U^(sp 2ra ). We use the Casimir elements of both twisted 
quantized enveloping algebras to re-produce some well-known and construct 
some new polynomial invariants of the corresponding Poisson algebras. 
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1 Introduction 



Deformations of the commutation relations of the orthogonal Lie algebra 03 were 
considered by many authors. The earliest reference we are aware of is Santilli [28J. 
Such deformed relations can be written as 

qXY -YX = Z, qYZ - ZY = X, qZX - XZ = Y. (1.1) 

More precisely, regarding q as a formal variable, we consider the associative algebra 
U'(03) over the field of rational functions <C(q) in q with the generators X,Y,Z 
and defining relations (11.11) . From an alternative viewpoint, relations (11. ip define a 
family of algebras depending on the complex parameter q. The same algebras were 
also defined by Odesskii [2E], Fairlie [5] and Nelson, Regge and Zertuche [23]. Putting 
q = 1 in (11.11) we get the defining relations of the universal enveloping algebra 11(03). 
The algebra U' g (o 3 ) should be distinguished from the quantized enveloping algebra 
^(03) = U g (s[2). The latter is a deformation of 11(03) in the class of Hopf algebras; 
see e.g. Chari and Pressley [U Section 6]. 
Introducing the generators 

x=(q-q- 1 )X } y=(q-q- 1 )Y, z=(q-q~ 1 )Z, 

we can write the defining relations of U' (03) in the equivalent form 

qxy -yx={q- q~~ x )z, 
qyz - zy=(q- q~~ X )x, 
qzx — xz = (q — q~ l )y. 

Note that the element x 2 + q~ 2 y 2 + z 2 — xyz belongs to the center of U' g (o 3 ). This 
time, putting q = 1 into the defining relations we get the algebra of polynomials 
C[x,y,z]. Moreover, this algebra can be equipped with a Poisson bracket in a usual 

way 

fg-gf 



if, 9} 



l-q 



Thus, C [x, y, z] becomes a Poisson algebra with the bracket given by 

{x, y} = xy - 2z, {y,z} = yz-2x, {z,x}=zx-2y. (1.2) 

These formulas are contained in the paper by Nelson, Regge and Zertuche [23] • In the 
classical limit q — > 1 the central element x 2 + q~ 2 y 2 + z 2 — xyz becomes the Markov 
polynomial x 2 + y 2 + z 2 — xyz which is an invariant of the bracket. The Poisson bracket 
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(11.21) was re-discovered by Dubrovin [8], where x, y, z are interpreted as the entries of 
3x3 upper triangular matrices with ones on the diagonal (the Stokes matrices) 

1 x y 
1 z 
1 

For an arbitrary N the twisted quantized enveloping algebra U' (ojv) was introduced 
by Gavrilik and Klimyk [TT] which essentially coincides with the algebra of Nelson 
and Regge [20]. Both in the orthogonal and symplectic case the twisted analogues 
of the quantized enveloping algebras were introduced by Noumi [21] using an it- 
matrix approach. In the orthogonal case this provides an alternative presentation 
of Uq(c>Ar). The finite-dimensional irreducible representations of the algebra U^(Ojv) 
were classified by Iorgov and Klimyk [14]. 

In the limit q — > 1 the twisted quantized enveloping algebra U' g (o7v) gives rise to 
a Poisson algebra of polynomial functions Vn on the space of Stokes matrices. The 
corresponding Poisson bracket was given in [20] . The same bracket was also found 
by Ugaglia ]29j, Boalch [1] and Bondal [21 [3J. This Poisson structure was studied 
by Ping Xu [3U] in the context of Dirac submanifolds, while Chekhov and Fock [B] 
considered it in relation with the Teichmiiller spaces. A quantization of the Poisson 
algebra of Stokes matrices leading to the algebra U^(ojv) was constructed by Ciccoli 
and Gavarini [7J in the context of the general "quantum quality principle"; see also 
Gavarini [TO]. It was shown by Odesskii and Rubtsov [27J that the Poisson bracket 
on the space of Stokes matrices is essentially determined by its Casimir elements. 

Automorphisms of both the algebra \J' (on) and the Poisson bracket on Vn were 
given in J2TJ [22], although the explicit group relations between them were only dis- 
cussed in the classical limit for N = 6. An action of the braid group Bn on the 
Poisson algebra Vn was given by Dubrovin [8] and Bondal [2] . 

In this paper we produce a "quantized" action of B n on the twisted quantized 
enveloping algebra U^(oat), where the elements of Bn act as automorphisms. Since 
U^(oat) is a subalgebra of the quantized enveloping algebra \J q (gl N ), one could ex- 
pect that Lusztig's action of B N on XJ q (Ql N ) (see ]16j) leaves the subalgebra U' (on) 
invariant. However, this turns out not to be true, and the action of Bn on XJ' (on) 
can rather be regarded as a g-version of the natural action of the symmetric group 
& n on the universal enveloping algebra U(ojv)- 

The relationship between XJ' q (c>N) and the Poisson algebra Vn can also be exploited 
in a different way. Some families of Casimir elements of U'(Ojv) were produced by 
Noumi, Umeda and Wakayama [25], Gavrilik and Iorgov [12] and Molev, Ragoucy 
and Sorba [19] . This gives the respective families of Casimir elements of the Poisson 
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algebra. We show that the Casimir elements of [19] specialize precisely to the coef- 
ficients of the characteristic polynomial of Nelson and Regge [22]. This polynomial 
was re-discovered by Bondal [2] who also produced an algebraically independent set 
of generators of the subalgebra of invariants of the Poisson algebra Vn- Further- 
more, using [T2] and [23] we obtain new Pfaffian type invariants and analogues of the 
Gelfand invariants. 

In a similar manner, we use the twisted quantized enveloping algebra U' g (sp 2n ) 
associated with the symplectic Lie algebra sp 2n to produce a symplectic version of 
the above results. First, we construct a Poisson algebra associated with U' (sp 2n ) by 
taking the limit q — > 1 and thus produce explicit formulas for the Poisson bracket on 
the corresponding space of matrices. Then using the Casimir elements of U' g (sp 2n ) 
constructed in [19] , we produce a family of invariants of the Poisson algebra analogous 
to [2] and [22]. We also show that some elements of the braid group B 2n preserve 
the subalgebra U' (sp 2n ) of U g (g[ 2n ). We conjecture that there exists an action of the 
semi-direct product B n ix Z n on U' (sp 2n ) analogous to the £?Ar-action on U' (Ojv). We 
show that the conjecture is true for n = 2. 

This work was inspired by Alexei Bondal's talk at the Prague's conference ISQS 
2006. We would like to thank Alexei for many stimulating discussions. The financial 
support of the Australian Research Council is acknowledged. The second author is 
grateful to the University of Sydney for the warm hospitality during his visit. 

After we prepared the first version of our paper we learned of a recent preprint 
by L. Chekhov [5J where he produces (without detailed proofs) an action of the braid 
group Bn on Uq(ojv) equivalent to ours. 

2 Braid group action 

We start with some definitions and recall some well-known results. Let q be a formal 
variable. The quantized enveloping algebra XJ q (gl N ) is an algebra over C(g) generated 
by elements and Uj with 1 ^ i, j ^ iV subject to the relations 




1 ^ i < j ^ N, 

l^i^N, 
RT 1 T 2 = T 2 T 1 R, 



RTVT' 



lJ-2 = 



T 2 T X R. 



(2.1) 



Here T and T are the matrices 




(2.2) 
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which are regarded as elements of the algebra U^fll^) ® End C^, the E^- denote the 
standard matrix units and the indices run over the set {1, . . . , iV}. Both sides of each 
of the i?-matrix relations in (J2IID are elements of U q (gl N ) ® EndC^ ® EndC^ and 
the subscripts of T and T indicate the copies of EndC^, e.g., 



while i? is the i?-matrix 

i i^j i<j 

In terms of the generators the defining relations between the can be written as 

q &13 Ua t jb - q Sab t jb t ia = {q- q' 1 ) (5 b<a - 5 t<j ) t ja t ib , (2.4) 

where 5 {< j equals 1 if i < j, and otherwise. The relations between the are 
obtained by replacing ty by everywhere in (12. 4p . while the relations involving 
both tij and Uj have the form 

q Slj t ia tjb - q Sab t jb t ia = (q- q' 1 ) (\ <a tja Ub ~ $ t< j tj a t ib ). (2.5) 

The braid group B N is generated by elements Pi, ... , Av-i subject to the defining 
relations 

A A+i A = A+i AA+i, i = 1, • • • , N - 2 

and 

Pipj = pjp u \i-j\>l. 

The group B N acts on the algebra XJ q (gl N ) by automorphisms; see Lusztig [TE] . 
Explicit formulas for the images of the generators are found from [TH] by re-writing 
the action in terms of the presentation (12. ip . For any % = 1, . . . , N — 1 we have 

A : tu I— > tj+i^+i, !— > tji, tfcfc ^ tkk if k ^ i,i + 1, 

^ifc ^ QUkU+l,iUi — U + i t k, U+l,k ^ 9 1 ^.fc ; if A; ^ i — 1 

tu ^ q 1 U t i + itiitu — ti^+i^qtu, if / ^ i + 2 

ifcj h_ *• ^fcz in ah remaining cases, 

and 

iki^q 1 UiU,i+iiki — ik,i+i, ik,i+i ^ qiki, if A; ^ i — 1 

^ (Z^i tu — U+i,u ^ q l iih if l ^ i + 2 

£fcz >— ► in all remaining cases. 
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Following Noumi [21] we define the twisted quantized enveloping algebra U' (ojv) 
as the subalgebra of U 9 (fl[jv) generated by the matrix elements sy of the matrix 
S = TT so that 

iV 

fc=i 

Equivalently, U^(oat) is generated by the elements sy subject only to the relations 

s y = 0, 1 ^ i < j «C iV, (2.6) 
Sii = 1, 1 < i < AT, (2.7) 
i? SiR 1 5*2 = S2R t S±R, (2-8) 

where i2* := i?* 1 denotes the element obtained from by the transposition in the 
first tensor factor: 

R* = q E ™ ® E ™ + J2 Eli ® E H + ( q ~ E ^ ® E ^ ( 2 - 9 ) 

In terms of the generators, the relations (12. 8p take the form 

s y s w - s kl 8ij = {q- q- 1 ) <f» {5 l<3 - 5 l<k ) s kj s u 

+ {q- q- 1 ) (q B fi 6 t<i s ki s Lj - q S > k 5 j<k s ik Sjl ) (2.10) 
+ (? - <f l f ( S Kj<i - 5 j<i<k) s ki Sjl, 

where 5 iK j or o~ i<:j<k equals 1 if the subscript inequality is satisfied, and otherwise. 
Equivalently, the set of relations can also be written as 



Sij S k [ 


S k l Sij 


= 








if 


i > j > k > I 


Sij S k [ 


Skl Sij 


= 








if 


i > k > I > j 


Sij S k [ 


Skl Sij 


= (?- 


<f 




{SkjSil ~ S ik Sj{) 


if 


i > k > j > I 


q Sij Sji 


— Sjl Sij 


= (?- 


<r 


-1> 


Sil 


if 


i> j>l 


q Sij Su 


Sil Sij 


= (?- 


q~ 


-li 


Sij 


if 


i>l>j 


Q Sij S k j 


Skj Sij 


= (?- 


Q 




Ski 


if 


k > i > j. 



(2.11) 



In this form the relations were given by Nelson and Regge [20]. An analogue of the 
Poincare-Birkhoff-Witt theorem for the algebra U'(ojy) was proved in [13]; see also 
[T71 IT9] for other proofs. This theorem implies that at q — 1 the algebra U'(ojv) 
specializes to the algebra of polynomials in N(N — l)/2 variables. More precisely, 
set A = C[q, q^ 1 ] and consider the ^4-subalgebra of U'(ojv) generated by the 
elements Sy. Then we have an isomorphism 

U' A ® A C^V N , (2.12) 
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where the action of A on C is defined via the evaluation q = 1 and Vn denotes the 
algebra of polynomials in the independent variables with 1 ^ j < i ^ N. The ele- 
ments ciij are respective images of the Sij under the isomorphism (12.121) . Furthermore, 
the algebra Vn is equipped with the Poisson bracket {•, •} defined by 



{f,h} 



fh-hf 
1-q 



9=1 



(2.13) 



where f,h G Vn and / and h are elements of whose images in Vn under the 
specialization q = 1 coincide with / and h, respectively. Indeed, write the element 
f h — hf G U' A as a linear combination of the ordered monomials in the generators 
with coefficients in A. Since the image of f h — hf in Vn is zero, all the coefficients 
are divisible by 1 — q. Clearly, the element {/, h} G Vn is independent of the choice 
of / and h and of the ordering of the generators of U^. Obviously, (I2.13P does define 
a Poisson bracket on Vn- By definition, 



Sij Sf^l SklS 



'J 



Q 



q=l 



Hence, using the defining relations (12. lip , we get 

{a ij} a H } = 
{aij,a k i} = 

{ a ij, a kl) = ^{o-ik a jl — O'kjO'il) 
{Oy, Clji} = dijCLjl — 2au 

\0>ij, a il} — dij^U — 



if i > j > k > I 

if i > k > I > j 

if i > k > j > I 

if i> j > I 

if i> I > j 

if k > i > j. 



;2.i4) 



This coincides with the Poisson brackets of [2], [21] . and [29], up to a constant factor 
if we interpret the ji-th entry of the upper triangular matrix. 

We shall also use the presentation of the algebra U^(oat) due to Gavrilik and 
Klimyk [11]. An isomorphism between the presentations was given by Noumi [23], a 
proof can be found in Iorgov and Klimyk [13J. Set Sj = s i+ i ti for i — 1, . . . , N — 1. 



Then the algebra U'(oat) is generated by the elements si, . . . , sn-i subject only to 



the relations 



k s k+l 



{q + q u j 



S k+1 S k S k+l 



+ S 



k+l^k 



-q 1 (q 



-1\2 



s k s k+i-(q + q ) s k s k+i s k + s 



q-'fs 



k+n 



for k 



1,...,N 



2 (the Serre type relations), and 



SkSl = SiS k , 



\k-l\> 1. 
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It is easy to see that the subalgebra U^(oat) C U q (gl N ) is not preserved by the 
action of the braid group B N on U^jjl^) described above. Nevertheless, we have the 
following theorem. 

Theorem 2.1. For i — 1, . . . , iV — 1 the assignment 

fa '■ Si + i t— > (q s i+ i Si — Si Si + i) 

q — 

Si-l i-> — r (Si Sj_! - q Si_i si) 

q — q 1 

Sfe h-> s fc if k^i — l,i,i + l, 

defines an action of the braid group on \J' q {o^) by automorphisms. 

Proof. We verify first that the images of the generators si, . . . , sn-i under fa satisfy 
the defining relations of U^Oat). A nontrivial calculation is only required to verify 
that the images of the pairs of generators fa{s k ) and fa(sk+i) with k = i—2, i, i+1 
satisfy both Serre type relations, and that the images fa(si-i) and fa(s i+ i) commute. 
Observe that by (12. lip , the image of Sj+i can also be written as 

fa '■ s i+l l— > s i+2,i- 

Hence, for k = i + 1 we need to verify that 

S i+2,i S i+3,i+2 ~ (<Z + 1 ) S i+3,i+2 S i+2,i S i+3,i+2 + S i+3,i+2 S i+2,i 

We shall verify the following more general relation in U' (o^), 

s ij4i-(Q + Q~ X ) s ki s ij s ki + s li s ij = -Q~ X (Q-Q~ X ) 2 Sij, ( 2 - 15 ) 
where k > i > j. Indeed, the left hand side equals 

(? &ki $ij &ij $ki) $ki Q ^kii,Q ^ki &ij &ij Ski)- (^ - ^^) 

However, by ( 12. lip we have 

? ^fcj Sjj Sjj S/jj ) S k j 

so that ( 12.16P becomes 

-g _1 (g- q~ l ){qs kj s ki - s ki s kj ) 
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which equals — q 1 (q — q l ) 2 by (12.111) thus proving (I2.15p . The second Serre type 
relation for the images Pi(s i+ i) and /3j(sj +2 ) follows from a more general relation in 

S ij S ki ~ (<? + Q ) S ij S ki S ij + S ki S ij = ~Q {Q ~ Q ) s kii 

where k > i > j, and which is verified in the same way as (I2.15p . Next, the Serre 
type relations for the images Pi(si) and follow respectively from the relations 

s 2 ijS kj -(q + q^s^s^s^ + s^s 2 ^ = -q' 1 (q - g _1 ) 2 s - 

and 

s ij s kj ~ (<? + q l ) s ij s kj s ij + s kj s 1j = ~i 1 (<? — <? l ) 2 s kj> 

where k > i > j, which both are implied by (12. lip . The Serre type relations for the 
pairs /3j(sj_i), /3j(sj) and /3j(sj_2), /3j(sj_i) can now be verified by using the involutive 
automorphism uj of U^Oat) which is defined on the generators by 

s k ^s N _ k , k = 1, . . . ,N - 1. (2-17) 

We have 

CO : (3i(Si- 2 ) l-> /37V-i(sAr_j +2 ), 
Pi(Si-i) i-> -^jV-^SjV-i+l), 
^ 0N—i(sN—i) i 

and so the desired relations are implied by the Serre type relations for the pairs of 
the images (3j(sj), (3j(sj + i) and (3j(sj+i), j3j(sj + 2) with j = N — i. 

Now we verify that the images /3j(sj_x) and /3j(sj + i) commute, that is, 

(siSj_i - qsi-i Si)(qs i+ x s { - SiS i+1 ) = (qs i+1 Si - Si s i+ i)(si -qsi-iSi). (2.18) 

By the Serre type relations we have 

s 2 s i+1 - (q + q~ 1 )s i s i+1 s i + s i+1 s 2 i = -q' 1 {q - q" 1 ) 2 s i+1 

and 

s?s<_i - (q + + s<-i»i = -? -1 (?-e -1 ) 2 Si_i- 

Multiply the first of these relations by Sj_i and the second by s i+ i from the left. 
Taking the difference we come to 

s i s i+i - (9 + 'T 1 ) s< s< = s i+1 s 2 - (g + g _1 ) s i+1 s< s 4 . 

Now repeat the same calculation but multiply the Serre type relations by s*_i and 
s i+ i, respectively, from the right. This gives 

- (q + q' 1 )^ s i~i s i s i+i = s i+i s2 i s i~i - (9 + 9 -1 )SiS<+i s i s t-i- 
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Hence, 



S i-1 S i S i+l S i S i+l S i S i-l S i ~ S i S i-l S i S i+l S i S i+l S i S i-l 



and (EJED follows. 

Thus, each fa with i = 1, . . . , N — 1 defines a homomorphism U' (ojv) — ► U'(ojv)- 
Now observe that fa is invertible with the inverse given by 

fa 1 '■ I— > r (si+i Si — q Si Sj + i) 

q — q 1 

Si-l l-> r (g Si Sf_l - Si_l Sj) 

q — q 1 

Si 1 ► Sj 

s k^Sk if k^i — 1, i, 

and so $ and are mutually inverse automorphisms of U' (ojv)- 

Finally, we verify that the automorphisms satisfy the braid group relations. It 
suffices to check that for each generator s^ we have 

fafa+ifa(s k ) = fa +1 fafa +1 (s k ) (2.19) 

for i — 1, . . . , N — 2, and 

PiP j (s k )=P j p i (s k ) (2.20) 

for |i — j| > 1. Clearly, the only nontrivial cases of (I2.19P are k — i — i + + 2 
while (12.201) is obvious for all cases except for j = i + 2 and k = i + 1 . Take k = i — 1 
in (12.191) . We have fa + i(si-i) = Sj_i while 

fa : Si_i i ^ — (si Si_i - g Si_i s») = q s i+l i -.i - q s i+lji s» 

q — q 1 

where we have used (12. lip . Furthermore, using again (12. lip , we find 

fa+lfa '■ | — ► ? 2 Sj-f2,i-l — g 2 Si+2,i+l Si+i^-i 

2 i 2 

— 9 s i+2,i s i,i~l ~r q Si + 2,i+l s i+l,i s i,i-l- 

It remains to verify with the use of (12. lip that this element is stable under the action 
of fa. The remaining cases of (12.191) and ( 12.201) are verified with similar and even 
simpler calculations. □ 

Corollary 2.2. In terms of the generators s k i of the algebra XJ' q (0]sr), for each index 
i = 1, . . . , N — 1 the action of fa is given by 

fa '■ s i+l,i l— > ~ s i+l,i 

Sik^ qsi+i } k- qsi+x t is ik , s i+ljk >-> s ik , if k^i-1 

su i-> q' 1 si ti+1 - s H s i+hi , si ti+1 ^su, if l^i + 2 

Ski s k i in all remaining cases. 
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Proof. This follows from the defining relations (12. lip . Indeed, the elements Ski can 
be expressed in terms of the generators si, . . . , sat_i by induction, using the relations 



s u = ~q~-=1 ( qs ki S H _ S H s kj) > k>j>l. (2.21) 

This determines the action of fa on the elements Ski and the formulas are verified by 
induction. □ 

Remark 2.3. It is possible to prove that the formulas of Corollary 12.21 define an action 
of the braid group on U'(oj\r) by automorphisms only using the presentation 
(12.111) . However, this leads to a slightly longer calculations as compared with the 
proof of Theorem 12.11 

Note also that the universal enveloping algebra U(oat) can be obtained as a spe- 
cialization of Ug(ojv) in the limit q — > 1; see [19] for a precise formulation. In this 
limit the elements — q^ 1 ) with i > j specialize to the generators Fij of On, 

where = — E^. Hence the action of B N on U' g (o7v) specializes to the action of 
the symmetric group &n on U(otv) by permutations of the indices of the F^. □ 

The mapping (12.171) can also be extended to the entire algebra \J' (on) as an anti- 
automorphism. This is readily verified with the use of the Serre type relations. We 
denote this involutive anti-automorphism of \J' (on) by uo' . 

Proposition 2.4. The action of u' on the generators su is given by 

u' ■ s N -i+i )N - k +i, l^l<k^N. (2.22) 

Moreover, we have the relations 

u/p i u/ = fa\., i = l,...,N-l, (2.23) 
where the automorphisms fa o/Ug(ojv) are defined in Theorem \2.1[ 

Proof. The defining relations (12.111) imply that the mapping ( 12.22ft defines an anti- 
automorphism of U'(Ojv)- Obviously, the images of the generators Sk are found by 
(12.171) . The second part of the proposition is verified by comparing the images of the 
generators Sk under the automorphisms on both sides of (12.231) . □ 

Observe that the image of the matrix S under u' is given by u' : S i— > S', where 
the prime denotes the transposition with respect to the second diagonal. 

Now consider the involutive automorphism to of U^Oat) defined by the mapping 
fl2TTD. 
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Proposition 2.5. The image of the matrix S under lo is given by 

u:S^(l- q- 1 ) I + q- 1 D{S~ l )'D- 1 , (2.24) 

where I is the identity matrix and D = diag (—q, {—q) 2 , ■ ■ ■ , ( — <7) 7V )- I n terms of the 
generators, this can be written as 

uj : s M ^ (-q)^ 1 ' 1 22 s N-i+i,n s ri r 2 ■ ■ ■ s rp ,N-k+l, k> I, 

N-l+l>ri>—>r p >N-k+l 

summed over p ^ and the indices r±, . . . , r p . 

Proof The elements sm can be expressed in terms of the generators s\, . . . , sn-i by 
(12.211) . The formula for u(ski) is then verified by induction on k — l. The matrix form 
(12.241) is implied by the relation 

(5'~ 1 )«= (-ir^Vr-^i- k>l, (2.25) 

k>ri>--->r p >l 

summed over p ^ and the indices ri, . . . , r p . □ 

For any diagonal matrix C = diag (c\, . . . , cn) the relation (12.81) is preserved by 
the transformation S CSC. Indeed, the entries of S are then transformed as 
s ij l— * Sij Ci Cj and the claim is immediate from (12.101) . This implies that if c 2 = 1 for 
all i then the mapping q : S i— > CSC defines an automorphism of \]' q {o^). Therefore, 
Propositions 12.41 and 12.51 imply the following corollary. 

Corollary 2.6. The mapping 

p: S i-f (I - q- 1 ) I + q- 1 H S- 1 H- 1 , (2.26) 
where H = diag (q, q 2 , . . . , q N ), defines an involutive anti- automorphism o/U^(oat). 

Proof. We obviously have p = q o uo' o oj for an appropriate automorphism q. Hence 
p is an anti-automorphism. We have 

p: s k ^ -s k , k = 1, . . . , N — 1, 

and so p is involutive. □ 

We can now recover the braid group action on the algebra Vn] see Dubrovin [8], 
Bondal [2]. 
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Corollary 2.7. The braid group Bn acts on the algebra Vn by 

A : a i+l,i l— ^ — a i+l,i 

dik | — * 0-i+l,k ~ CLi+l^Ctik, CLi+l,k ^ a ik, if k ^ i — 1 

an a l}i+ i - aua i+1>h a^+i h-> a H , if l^i + 2 

Uki i— ► an i n all remaining cases, 

where i = 1, . . . , N — 1. Moreover, the Poisson bracket on Vn in invariant under this 
action. 

Proof. This is immediate from Corollary 12. 21 □ 

We combine the variables a^- into the lower triangular matrix A = [a y -] where we 
set = 1 for all i and a^- = for % < j. 

Corollary 2.8. The mappings 

q : A ^ A' 1 and zu : A ^ A' (2.27) 

define anti- automorphisms of the Poisson bracket onV^- Explicitly, the image of 
under g is given by 

Q ■ (-l) p+1 a kri a rir2 . . . a rp) i, k> I, 

k>ri>—>r p >l 

summed over p ^ and the indices r±, . . . , r p . 

Proof. This follows from Proposition 12.41 and Corollary 12.61 by taking q — 1. □ 

3 Casimir elements of the Poisson algebra Vn 

Using the relationship between the twisted quantized enveloping algebra \J' (on) and 
the Poisson algebra Vn, we can get families of invariants of Vn by taking the classical 
limit q — > 1 in the constructions of [19], [32] and [23]. First, we recall the construction 
of Casimir elements for the algebra Ug(ojv) given in JT9J. Consider the g-permutation 
operator P q e End (C N ®C N ) defined by 

P q = Eii ®Eu + qJ2 E ij ® Eji + (f 1 Ei i ® E '*- ( 3A "> 

i i>j i<j 

Introduce the multiple tensor product U'(ojv) <8> (EndC Ar )® r . The action of the 
symmetric group & r on the space (C iV )® r can be defined by setting <7j i— > := -Pj 9 j +1 
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for i = 1, . . . , r — 1, where Oi denotes the transposition (i, i + 1). If a = ■ • • is 
a reduced decomposition of an element a e @ r we set = Pj^ • • • P§ . We denote 
by A q r the g-antisymmetrizer 

^ = ^ sgn a • PI (3.2) 

Now take r = N. We have the relation 

A% S 1 (u) R[ 2 ■ ■ ■ R{ N S 2 (ug- 2 ) P| 3 • • • R* N S 3 (uq- 4 ) 

x ■ ■ ■ R* N _ liN S N (uq~ 2N+2 ) 

-2N+2\ pt C (n,„-^\ E>* pi C f„,„-2\ 



(3.3) 



= ^( M g- iA,+2 ) i4_ ljiV • • • 5 3 ( M g- 4 ) • • • P^ 3 S 2 {uq 

where the following notation was used. The matrix S(u) is defined by 

S(u) = S + q- 1 u- 1 S, 

where u is a formal variable and S is the upper triangular matrix with ones on the 
diagonal whose ij'-th entry is = qsji for i < j. Furthermore, 

Ri 3 = Ri 3 {u-\^-\uq-^) 

with 



R\u, V) = (U - V) ^ E H ® E 33 + (Q 1 V ) Eii ® ^ 



i>j i<j 



(3.4) 



The subscripts in (13.31) indicate the copies of End C N in XJ' q (oN) <8> (End C N )® N which 
are labelled by 1,...,N; cf. ( 12. ip . The element (13. 3p equals A q N sdet S(u), where 
sdet S(u) is a rational function in u (the Sklyanin determiant) valued in the center 
of Ug(oAr); see (191 Theorem 3.8 and Corollary 4.3]. 

Recall that the Poisson algebra Vn is the algebra of polynomials in the variables 
Oy with i > j which are combined into the matrix A = [a^] with an = 1 for all i and 
dy = for i < j. The following theorem was proved in different ways by Nelson and 
Regge [22] and Bondal 0. 

Theorem 3.1. The coefficients of the polynomial 

det(A + \A f ) =/ + /iAH h /at A* 

are Casimir elements of the Poisson algebra Vn- 
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Proof. We use the centrality of the Sklyanin determinant sdetS'(w) in \J'(on)- Note 
that at q = 1 the g-antisymmetrizer A q N becomes the antisymmetrizer in (C )® , the 
element — t>) becomes w — 1> times the identity. Since the images of the elements 
Sij in Vn coincide with a^, the image of the matrix S(u) is A + u^ x A l . Hence, at 
g = 1 the Sklyanin determinant sdet S(u) becomes j(u) det(A + u~ 1 A t ), where 

7 ( u ) = (n- 1 - n)^" 1 )/ 2 . (3.5) 

Therefore, replacing u with A -1 we thus prove that all coefficients of det(A + XA 1 ) 
are Casimir elements for the Poisson bracket on Vn- D 

Note that, as was proved in [2j and [22], the polynomial det(A + XA l ) is invariant 
under the action of the braid group B N - 

Now we recall the construction of Casimir elements given in [12]. For all % > j 
define the elements of Ug(Ojv) by induction from the formulas 

IT { s tj+i s j+i,j ~ 1 s j+i,j s tj+i) ' 1 > 3 + 1 ' 



g- gr- 



and s^.! = Sj+ij for j = 1, . . . , iV — 1. A straightforward calculation shows that 
these elements can be equivalently defined by 



s 



4 ' ' (S-%, i > j, 



where the entries of the inverse matrix are found from (12.251) . Let k be a positive 
integer such that 2k ^ N. For any subset I = {ii < i 2 < ■ ■ ■ < i 2 k} of {1, ... , N} 
introduce the elements <£> 7 and of XJ' q (oN) by 

$ /= E (-?)"' (<T)s »- - 



t <r(2)V(l) V(2fc) V(2fc-1) 



and 



V(2fc) *<r(2fc-l) ' 

o-e©2*: 



where £(<r) is the length of the permutation a, and the sums are taken over those 
permutations a G &2k which satisfy the conditions 

i<r(2) > Ml)> • • • j M2fc) > i<r(2k-l) an d V(2) < V(4) < • • • < V(2fc)- 

Then according to [12], for each /c the element 

(f) k = q il+i2+ - +i2k <^f^ I 

I, \I\=2k 

belongs to the center of \J' (on). Moreover, in the case N = 2n both elements $ Jq 
and $^ with Iq = {1, . . . , 2n} are also central. 
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Remark 3.2. Our notation is related to [12] by 

s i5 = ~q- l/2 (q ~ q- 1 ) i£, 4 = -<T V2 (<? - q~ l ) /J, « > j- 

Note also that the elements <pk are g-analogues of the Casimir elements for the or- 
thogonal Lie algebra On constructed in [IB] ; see also [15]. □ 

Now return to the Poisson algebra Vn- Recall that the Pfaffian of a 2 k x 2/c skew 
symmetric matrix H is given by 

Given a lower triangular N x N matrix B and a 2/c-element subset / of {1, . . . , iV} 
as above, we denote by Pf / (i?) the Pfaffian of the 2k x 2k submatrix (B l — B)j of 
B l — B whose rows and columns are determined by the elements of /. 

Theorem 3.3. For each positive integer k such that 2k ^ N the element 

<* = ("!)* £ Pf^Pf^- 1 ) (3.6) 

I, \I\=2k 

is a Casimir element of Vn- Moreover, in the case N = 2n both Pi Io (A) and 
Pf T (A" 1 ) with Iq = {1, . . . , 2n} are also Casimir elements. 

Proof. Observe that in the limit q — > 1 the elements $ 7 and specialize respectively 
to the Pfaffians 

Sj-Pf^A), ^-(-l^Pf,^" 1 ). 
Hence, the central element <pk specializes to c&. □ 

Example 3.4. As the matrix elements of the inverse matrix A~ l are found by the 
formula of Corollary 12.81 we have the following explicit formula for c\, 

C\ ^ ( 1) dij Oin (^r\r2 • • • ®"r v y 

i>r\>—>T p >i 

For N = 3 it gives the Markov polynomial. □ 

Corollary 3.5. The algebra of Casimir elements ofVN is generated by C\, . . . ,c n for 
N — 2n + 1, and by c\, . . . , c n _i, Pf i (A) if N = 2n. In both cases, the families of 
generators are algebraically independent. Moreover, Pf 7 (A -1 ) = (— l) n Pf 7 (A). 
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Proof. Since 

det(A + \A l ) = X N det(A + \~ 1 A t ), 

we have the relations f^-i = fi- Moreover, f = f N = 1 since detA = 1. It was 
proved in [2] that if N = 2n + 1 is odd then the coefficients fi, ■ ■ ■ , f n are algebraically 
independent generators of the algebra of Casimir elements of Vn- If N = 2n is even 
then 

det(A - A 1 ) = Pf Io (A) 2 . (3.7) 

In this family of algebraically independent generators of the algebra of Casimir 

elements of Vn is obtained by replacing any one of the elements fi, ■ ■ ■ , f n with 
Pfj (A). The claim will be implied by the following identity 



det{A + XA l ) = ^(-A) fc (l + A)"" 2 * c k . (3.t 



k=0 



Indeed, by the identity, the elements fi, ■ ■ ■ , f n can be expressed as linear combina- 
tions of ci, . . . ,c n . In order to verity (13.81) . we use the observation of [2 J that the 
Casimir elements of Vn are determined by their restrictions on a certain subspace 7i 
of matrices. If iV = 2n then 7i consists of the matrices of the form 



/ O 
D I 



(3.9) 



where I and O are the identity and zero n x n matrices, respectively, while D = 
diag(cii, . . . , d n ) is an arbitrary diagonal matrix. If iV = 2n + 1 then Ti consists of the 
matrices obtained from (13.91) by inserting an extra row and column in the middle of 
the matrix whose only nonzero entry is 1 at their intersection. So, by Theorems 13.11 
and 13.31 we only need to verify (13.81) for the matrices A e 7i. However, in this case 
the element coincides with the elementary symmetric polynomial 



d 2 ri ...d 

n 

while 



Ck - / ™ ri ■ ■ ■ «v fe • 

ri<-<r fc 



det(A + \A l ) = H ((1 + A) 2 - A d 2 ) 

i=l 

UN = 2n, and 

n 

detiA + XA') = (l + A) J]((l + A) 2 -A< 2 ) 

i=l 

if N = 2n + 1. This gives (13.81) . To verify the last statement of the corollary, put 
A = -1 into (J3IHD with N = 2n. Together with (|57j) this gives c n = Pf /o (A) 2 , so that 
the statement follows from (13. 6p with k = n. □ 
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Finally, we consider the invariants of the Poisson bracket on Vn which can ob- 
tained from the construction of the Casimir elements of U^(oat) given in |25j . 

Theorem 3.6. The elements 

tr(A~ 1 A t ) k , k — 1,2,..., 
are Casimir elements o/Vn- 



Proof. This follows by taking the classical limit of the Casimir elements of [25J. Al- 
ternatively, this is also implied by Theorem 13.11 and the Liouville formula 

oo , 

^T(-l) k - 1 \ k -HrH k = — lndet(l + AF) 



dX 

k=l 



which holds for any square matrix H. We apply it to the matrix H = A A* and 
observe that det(A + XA f ) = det(l + \H) since det A = 1 . □ 



4 A new Poisson algebra 



Here we use the symplectic version of the twisted quantized enveloping algebra in- 
troduced by Noumi [23] to define a new Poisson algebra and calculate its Casimir 
elements. 

The twisted quantized enveloping algebra U' g (sp 2n ) is an associative algebra gener- 
ated by elements sy, i,j G {1, . . . , 2n} and i = 1, 3, . . . , 2n — 1. The generators 
Sjj are zero for j — i + 1 with even i, and for j ^ i + 2 and all i. We combine the Sh- 
into a matrix 5* as in (12.21) . 

(4.1) 



S — ^ ^ Sij ® Eij, 



1,3 



so that S has a block-triangular form with n diagonal 2 x 2-blocks, 





( s n 


Sl2 











\ 




S21 


S22 
















S31 


S32 


s 33 


S34 








s = 


S41 


S42 


S43 


S44 










S2n-l,l 


S2n-1,2 


S2n-1,3 


S2n-1,4 " " 


S 2n _i )2n _i 


S2n-l,2n 




\ s 2n ,i 


S2n,2 


S2n,3 


<S2n,4 


S2n,2n-1 


■S2n,2n / 



The defining relations of Ug(sp 2n ) have the form of a reflection equation (I2.8P together 
with 

S i,i+1 S i,i+1 = S i,i+1 S i,i+1 = ^ (4-2) 
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and 

s i+i,i+i s ti - Q 2 s i+i,i s i,i+i = (f ( 4 - 3 ) 

for i = 1, 3, . . . , 2n — 1. More explicitly, the relations (12.81) have exactly the same 
form (12.1 Op as in the orthogonal case. 

Recall the quantized enveloping algebra Ug(g[ 2 n) defined in Section [21 Introduce 
the block- diagonal 2n x 2n matrix G by 



G = 



(0 


q ■■ 


• 




-1 


•• 


• 








•■ 


■ 


q 


\o 


•• 


• -1 


0/ 



We can regard U' g (sp 2n ) as a subalgebra of U g (g[ 2n ) by setting S = TGT 1 , or in 
terms of generators, 

n n 

S ij = 1 ^• 2fc - 1 ^j< 2k _ ^ i ' 2k (4-4) 

k=l k=l 

see [21] and [19] for the proofs. 

Define the extended twisted quantized enveloping algebra Ug(sp 2 n) as follows. This 
is an associative algebra generated by elements s^, i,j G {1, . . . , 2n} where = 
for j — i + 1 with even i, and for j ^ i + 2 and all i. The defining relations are given 
by (12.81) or, equivalently, by (12.101) . We use the same symbols as for the generators 
of U' g (sp 2n ); a confusion should be avoided as we indicate which algebra is considered 
at any moment. This definition essentially coincides with the original one due to 
Noumi [23]. Note that, in comparison with U^(sp 2n ), we neither require the elements 
s i t i+i with odd i to be invertible, nor we impose the relations (14.31) . 

An analogue of the Poincare-Birkhoff-Witt theorem for the algebra U' g (sp 2n ) fol- 
lows from [T71 Corollary 3.4]. As with the algebra U' g (oAr), this theorem implies that 
at q — 1 the extended twisted quantized enveloping algebra U' g (5p 2n ) specializes to 
the algebra P 2n of polynomials in 2n 2 + 2n variables. We denote the variables by 
aij with the same restrictions on the indices i,j as for the elements sy, so that s^- 
specializes to oy. We shall combine the variables Oy into a matrix A which has a 
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block-triangular form with n diagonal 2 x 2-blocks, 





( a-ii 


Ol2 











\ 






«22 
















031 


^32 


^33 


a 34 








A = 


a 4 i 


a 4 2 


a 4 3 


a 44 










a 2n-l,l 


a 2n-l,2 


Q2n-1,3 


a 2n-l,4 ' ' 


' «2n-l,2n-l 


a 2n-l,2n 




\ a 2n,l 


02n,2 


a 2n,3 


a 2n,4 


&2?i,2n-l 


Q2n,2n. / 



Theorem 4.1. The algebra V 2n possesses the Poisson bracket defined by 
{an, a ki } = (5 ik + 5 jk - S u - 5 jt ) a tj a ki 

~ ^ (A<? ~ $i<k) a kj a u ~ 25 ;<i aki a-ij + 2^ <fc aik a^. 



Proof. We define the Poisson bracket on "P 2n by the same rule (12.131) as in the or- 
thogonal case. The explicit formulas for the values {a^-, a^} follow from (12.101) . □ 

Remark 4.2. Both in the orthogonal and symplectic case, the Poisson brackets of 
V = Vn or V = P 2n can be written in a uniform way in a matrix form. Introducing 
the elements of V <g> End C N <g> End C N by 

Ai = V, a„ (8) (g) 1, A 2 = a ij ® 1 ® ^ij) 



we have 
where 



5> 



{Ai, A 2 } = [r, AiA 2 ] + Ax r% - A 2 r f A u 



Eji 



i<j 



i<j 



This follows from (12. 8p and the observation that 

R-I®I 



Q 



q=l 



Theorem 4.3. The elements 



a i+l,i+l a ii a i+l,i a i,i+l > 



1,3, 



In 



(4.5) 



and the coefficients of the polynomial 

det(A + \A l ) = /o + /1 A H h / 2)i A 2 " 

are Casimir elements of the Poisson algebra Vm- 
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Proof. For any i = 1, 3, . . . , 2n — 1 the element 

S i+l,i+l S ii ~ 1 S i+l,i S i,i+1 

belongs to the center of the algebra U' q (sp 2n ); see [HI Section 2.2]. This implies the 
claim for the elements (14.51) . 

We proceed as in the proof of Theorem 13.11 The relation (13.31) holds in the same 
form with the matrix S(u) now given by 

S(u) — S + qu~ l S, 

where the matrix elements Sij of S are defined as follows. For any i = 1, 3, . . . , 2n — 1 
we have 

— —2 — —2 

s ii = ~Q s ii, s i+l,i+l = ~Q 

= ~Q 1 s i,i+li = ~ ( 1 1 s i+l,i + (1 ~~ Q 2 ) s i,i+l, 

while 

su = -q' 1 sik 

for k < I except for the pairs k = i, I = i + 1, with odd i, and the remaining entries 
of S are equal to zero. The element (13. 3p equals A q N sdet S(u), where sdet S(u) is the 
Sklyanin determiant of the matrix S(u). This is a rational function in u valued in the 
(extended) twisted quantized enveloping algebra. When the values are considered in 
the algebra U' g (sp 2n ), they are contained in the center of U' g (sp 2n ), as proved in [T9], 
Theorem 3.15 and Corollary 4.3]. The same property holds for the algebra U^(sp 2n ), 
that is, when the values of the function sdet S(u) are regarded as elements of the 
extended algebra Ug(sp 2n ), they belong to the center of t]' q (sp 2n ) (see the proof in 
the Appendix). 

At q = 1 the matrix S(u) becomes A — u^ x A l . Hence, the Sklyanin determinant 
sdet S(u) becomes 7(w) det(A — u~ 1 A t ), where 7(w) is defined in ( 13. 51) with N = 2n. 
Therefore, replacing u with — A -1 we thus prove that all coefficients of det(A + XA 1 ) 
are Casimir elements for the Poisson bracket on V 2n - D 

As in the orthogonal case, we have f 2n -i — fi for all i = 0, 1, ... , 2n. Note also 
that /o — f2n = det A and so we have the following relation between the Casimir 
elements 

n 

fo = Y\ ( a 2k,2k a 2k-l,2k~l ~ a 2k,2k-l a 2k-l,2k) ■ 
k=l 

Conjecture 4.4. The algebra of Casimir elements ofV2n is generated by the family 
of elements provided by Theorem \4.3\ and the Pfajfian Pi(A — A*). 
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In the rest of this section we work with the twisted quantized enveloping algebra 
Uq(sp 2n ). Recall the action of the braid group B 2n on the quantized enveloping 
algebra U g (g[ 2n ); see Section [2j 

Proposition 4.5. The subalgebra U' (sp 2n ) C U g (gl 2n ) is stable under the action of 
the elements /3 X , (3 3 , . . . , (3 2n -i of B 2n . 

Proof. Observe that the algebra U' (sp 2n ) is generated by the elements 



s iii s i+l,i+l> s i,i+li 

and 

Si+3, l+ i for i = l,3,...,2n-3. (4.7) 

Indeed, s i+ i ti for odd i can be expressed in terms of the elements ( 14 .6p from (14. 3p . 
Furthermore, the remaining generators can be expressed in terms of the elements 
fTO and 

s i+2,ii s i+2,i+l, s i+3,i s i+3,i+l f° r i = 1, 3, . . . , 2n — 3 (4-8) 

by induction from the relations 

(Q ~ <T 1 ) s k i = s,~ii (s k:i+1 s u - s u s kti+1 ), k>i + l, i>l, i odd, 

which are implied by the defining relations (12.101) . However, for each % as in (14. 8 j) we 
have 

(q — q ) Sj + 3 5 i = (sj+3^+1 Su — Su 5^+3^+1), 
(q — q r ) Sj +2i j+i = s i+3ji+2 (sj+3^+1 Sj +2i j +2 — s i+2 ,i+2 5^+3^+1), 

(q — q ) Sj +2j j = S i+ 1 3i j +2 (Sj+3,j Sj+2,i+2 ~ Si+2,i+2 Si + 3 t i). 

Hence, it suffices to verify that the images of the elements (14.61) and (14.71) under the 
action of fli, /3 3 , ■ ■ ■ , fon-i are contained in U^(sp 2n ). These images can be explicitly 
calculated from (14. 4p . For any odd j the elements (14. 6 p with i 7^ j are fixed by the 
action of /3j, while 

a -2 -2 2 -1 

Pj . Sjj H-> S jjj+1 S j+1J+1 , S j+l,j+l ^ <? Sjj, ^ <? S j,j+V 

Moreover, the elements (14.71) with i 7^ j — 2, j are fixed by the action of /3j, while 

Pi '■ s i+iJ-i ^ ? 1 s i,i-i' s i+3,j+i ^ ? 1 s i+3j- 

All these relations are verified by direct calculation with the use of the defining 
relations of Ug(gl 2n ). □ 



S ri for i = l,3,...,2n-l (4.6) 
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In particular, the restrictions of the action of fix, (3$, ... , fim-\ to the subalgebra 
U^(sp 2n ) yield automorphisms of the latter. 

Now observe that the elements 71, 73, ... , 72 n -3 of B 2n given by 

72/c-l = /?2fc/52fc-l/?2fc+l/?2fc, k = 1, • • • , n - 1 

generate a subgroup of B 2n isomorphic to B n . The braid relations for the 72/c-i are 
easily verified with the use of their geometric interpretation. Indeed, if we regard /3j 
as the braid 




1 2 j j + 1 2n - 1 2n 

then each 721-1 is just an elementary braid on the doubled strands: 




1 2 2i - 1 2i 2i + 1 2i + 2 2n - 1 2n 

For each odd i the elements ( 14. 6 p generate a subalgebra of U^(sp 2n ) isomorphic to 
U^(sp 2 ). The next proposition shows that the elements 7$ permute these subalgebras. 

Proposition 4.6. The images of the elements (14. 6 p under the action of the auto- 
morphisms 71, 73, ... , 7 2 „-3 belong to U^(sp 2n ). 

Proof. This is verified with the use of ( 14. 4p . For any odd j the elements ( 14.61) with 
i 3i J ' + 2 are fixed by the action of jj, while 

7j : Sjj 1 ^ s i+2)i+2) ^ S j+3,j+3> ^ S i+2,j+3 

and 

7j : S i+2J+2 ^ S j+3j+3 ^ S j+2,j+3 ^ S j,j+V 

This follows from the formulas for the action of the on U g (0[ 2n ) which imply, for 
instance, relations of the type 

Pj(3j+l : tj+ij i-> tj + 2,j+i. 

Since jj = j3j + i/3j + 2/3j/3j+i, this gives jj : tj+ij 1— > t,-+3j +2 . The images of the 
remaining elements of the form tjj, fjj+i, ^j+ij+i ar e calculated in a similar way which 
gives the desired formulas. □ 
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It can be shown that Proposition 14.61 is not extended to the remaining generators 
(14.81) of the algebra Ug(sp 2ra ). Observe that the elements $ and 7, of B 2n with odd i 
satisfy the relations 

% l P j li = P j if JVM + 2 

while 

7 4 _1 A li = Pi+2 and 7 J ~ 1 A+2 7i = A- 

The elements $ generate a subgroup of _B 2n isomorphic to Z n . We shall identify Z n 
with this subgroup. These observations suggest the following definition. Consider 
the braid group B n with generators j[, j' 3 , . . . , 7 2n _ 3 and the usual defining relations 



lh'i+2l'i = ii+2l'il'i+2i i = 1, 3, . . . , 2n - 5 

and 

l'il'i = l'jln |i-j|>2. 

Define the group T n as the semidirect product T n = B n k Z n where the action of B n 
on Z n is defined by 

while 

0? = A+2 and 0j{ 2 = A- 

Note that the Weyl group W{C n ) = & n ix Z 2 of type C n may be regarded as a classical 
counterpart of T n . 



Conjecture 4.7. There exists an action of the group T n on the algebra U^(sp 2r J by 
automorphisms which corresponds to the action ofW(C n ) on U(sp 2n ). 

Our final theorem shows that the conjecture holds for n = 2. 

Theorem 4.8. Let the generators f3\ and (3% of the group T 2 act on Ug(sp 4 ) as in 
Proposition ^. 5] and let the generator j[ act on the elements H4.6[) with i = 1,3 as 71. 
Then together with the assignment 

7i : S 32 i-> S41, s 4 i 1 ^ s 32 , S31 1 ► S31, S42 i-> s 42 
£/iis defines an action ofT 2 on U' q (sp A ) by automorphisms. 

Proof. It is easy to verify that 7J respects the defining relations of Ug(sp 4 ). For 
instance, the following relations are clearly respected by j[ 

S33 S32 = S32 S33, s n S32 = s 32 sn + - g) s i2 S31 
S31 S32 = g" 1 s 32 s 3 i + (g - g -1 )^" 1 s 2 i s 33 - S12 s 33 ) 
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and 

$ii S41 = S41 Six, S33 S41 = S41 S33 + (q — q) S34 S31 
S31 -541 = g -1 S41 s 3 i + (g - q~ l ){q~ l S43 Su - s 34 sn) 

together with 

S32 S41 = S41 S32 + (g — g 1 )(si2 S43 — S34 S21), 

and this holds for the remaining relations as well. The defining relations of the group 
T 2 are also easily verified. □ 



Appendix 

Here we prove that the Sklyanin determinant sdet S(u) is central in the extended 
algebra U; ' q {sp N ) with N = 2n; see the proof of Theorem 14.31 We need to introduce 
some more notation. Following [19J, introduce the trigonometric i?-matrix 

R(U, V) = (u-V)y~] E U ® Ejj + {q~ l U - qv) ^ E H ® E H 

1+3 1 (5.1) 

+ (q 1 -q) u ^2 Eij <g> Eji + {q 1 - q) v ^ ® £y< 

i>j i<j 

and a rational function in independent variables ui, . . . ,u r ,q valued in (EndC Ar )® r 
by 

R(ui, u r ) = Y[ Rij(ui, Uj), (5.2) 

i<j 

where the product is taken in the lexicographical order on the pairs We have 

the following relation in the algebra XJ q (sp N ) ® (EndC N )® r , 

R( Ul , ...,u r ) S 1 (u 1 )R t 12 ■ ■ ■ Rl r S 2 (u 2 )Rl 3 ■ ■■R t 2r S 3 (u 3 ) ■ ■ ■ i£_ 1)r S r (iO = 

Sr(ur)Rt- ltr • • • S 3 (u 3 )R$ r ■ • • Rl 3 S 2 {u 2 )Rl r ■ ■ ■ R^S x (u x ) R( Ul , . . . ,u r ); (5.3) 

see [19], where = RfAu^ 1 , Uj) with t>) defined in (13.41) . Now take r = N + 1 
and label the copies of End C N in the tensor product \J' q (sp N ) ® (End C w )® (7V+1) with 
the indices 0, 1, . . . , N. Furthermore, specialize the parameters U{ in (15. 3p as follows: 

uq = v, Ui = q~ 2t+2 u for i — 1, . . . , N. 

Then by [19, Proposition 4.1], the element (15. 2p will take the form 

R(v,u,...,q- 2N+2 u) = a(u) J] R 0t (v,q- 2l+2 u) A%, 

i=l,...,N 



25 



where 

a{u) = u N ^ N -^ 2 J] ( q -^- q -^). 
We shall now be verifying that 

J] R 0i (v, q- 2l+2 u) A% = S(u, v) A q N (5.4) 

t=l,..., N 

where 

N-l 

5(u, v) = (q^v — qu) Y\ {v — q~~ 2l u). 

i=i 

The .R-matrix R(u, v) satisfies the Yang-Baxter equation 

Ri 2 (u,v)R 13 (u,w)R 2 3{v,w) = R-2 3 (v,w)R 13 (u,w)R 12 {u,v). 
Using this relation repeatedly, we derive the identity 

R{Ul, ...,U r ) = Y[ Rij(Ui, Uj), 
i<j 

where the product is taken in the order opposite to the lexicographical order on the 
pairs Taking here r = N + 1 and specializing the variables Ui as above, we 
arrive at 

J] R 0l (v,q- 2l+2 u)A% = A% 11 R 0l {v,q~ 2 * +2 u). (5.5) 

i=l,...,N i=l,...,N 

Hence, for the proof of (15.41) . it now suffices to compare the images of the operators 
on both sides at the basis vectors of the form Vk = &k ® ® • • • ® £% N with k = 
1, . . . , N, where the e« denote the canonical basis vectors of C N and . . . ,i N } is 
a fixed permutation of {l,...,iV}. Our next observation is the fact that for any 
i,j G {1, . . . , N} the expression R(u, v)(ei <8> e 3 -) is a linear combination of e« ® tj and 
Cj ® Ci. This implies that for each k, 

A q N J] R oi {v,q- 2i+2 u)v k = 6 k {u,v)A q N v k , (5.6) 

i=l,...,N 

for some scalar function 5 k (u, v) which is independent of the permutation {h, . . . , ijv}- 
It remains to show that 5 k (u,v) = 5(u,v) for all k. However, this is immediate from 
(15.61) if for a given k we choose a permutation . . . , i N } with i\ = k, thus completing 
the proof of (15.41) . 
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Now apply the transposition t on the 0-th copy of End and combine (15.41) and 
(15.51) to derive another identity 

i=l,...,N i=l,...,N 

Thus, (15.31) becomes 

8(u, v) 5(u, v ~ 1 ) A q N Sq{v) sdet S(u) = 8(u, v) 5(u, v' 1 ) A q N sdet S(u) So(v), 

proving that sdet S(u) lies in the center of \J' (sp N ). 

As a final remark, note that the above argument applies to more general matrices 
S(u). The only property of S(u) used above is the fact that S(u) satisfies the reflection 
equation 

R(u,v) Si(u) R\u- 1 ,v) S 2 (v) = 3 2 (v)R t (u~ 1 ,v)3 1 (u)R(u,v). (5.7) 

This implies that (13. 3p equals A q N sdet S(u) for some formal series sdet S(u) called 
the Sklyanin determinant. Then sdet S(u) is central in the algebra with the defin- 
ing relations (15.71) . In particular, this applies to the (extended) twisted g-Yangians 
associated with the orthogonal and symplectic Lie algebras; see |19j . 
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